We consider the influence of tetrahedral/octupolar order on ferromagnetic nematic liquid-crystalline phases. The presence of tetrahedral order leads to broken parity symmetry in an achiral liquid-crystalline system, in addition to broken time-reversal symmetry associated with the existence of a spontaneous magnetization. As a consequence we find static as well as reversible and irreversible dynamic cross-coupling terms absent in usual ferromagnetic nematics. Several static and dynamic experiments are suggested to detect possible tetrahedral order. We predict that linear gradients terms in the generalized energy involving the ferromagnetic magnetization and the nematic director field lead to chiral domains of ambidextrous helicity. As a characteristic dissipative dynamic cross-coupling we point out that the rotation of the magnetization can be driven by temperature and/or concentration gradients. Conversely heat and concentration currents can be generated by rotations of the magnetization. As a characteristic example for reversible cross-coupling terms we analyze the consequences of the coupling between the molecular field of the nematic director and temperature and concentration gradients.
I. INTRODUCTION
Following the pioneering work of Fel [1, 2] on tetrahedral/octupolar order in liquid crystals the theoretical investigations of the physical consequences of this type of nonpolar order associated with broken parity symmetry focused on applications in liquid crystals: phase transitions [1, [3] [4] [5] , microscopic models and phase diagrams [6] [7] [8] as well as the macroscopic properties of liquid-crystalline phases involving tetrahedral order [9] [10] [11] [12] [13] [14] [15] . Most of the experimental work on the question of tetrahedral order concentrated on the influence on phase transitions and on macroscopic properties of liquidcrystalline phases formed by bent-core molecules [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] . In addition, there were experimental reports indicating the presence of tetrahedral order in another class of compounds, namely ferrocenomesogens [29, 30] . Most of these observations and experimental results such as ambidextrous helicity and ambidextrous chirality [16, 19, 26] and unusual behavior near the isotropic -liquid crystal phase transitions including shifts of the phase transition temperature by up to 10 K linear in electric fields, two optically isotropic phases in magnetic fields and reentrant isotropic phases [17, 18, 20, 23, 25, 27, 28] could be interpreted successully in terms of the occurrence of tetrahedral order [12, 14, 15, 31, 32] . In parallel tetrahedral order has been incorporated in the dynamic description of movable and deformable active particles which are used as models for self-propelled microorganisms in biological applications [33] [34] [35] . Quite recently there is also growing interest in clarifying various mathematical aspects of tetrahedral order in two and three spatial dimensions [36] [37] [38] . Last year it has been pointed out [31] that the observed macroscopic chiral * tilen.potisk@uni-bayreuth.de domains in optically isotropic partially fluid systems [39] [40] [41] can be interpreted naturally in terms of tetrahedral order provided a transient network is assumed. For a recent review of tetrahedral order in liquid crystals we refer to [32] .
An important issue so far not considered is the influence of a magnetization on tetrahedral liquid-crystalline phases. This influence is interesting from a symmetry point of view, because the magnetization is odd under time-reversal and in a ferromagnet with a spontaneous magnetization the ground state breaks time-reversal symmetry.
In the magnetic domain of soft matter physics Brochard and de Gennes predicted in their seminal work [42] , the existence of ferromagnetic nematics and ferromagnetic cholesterics in the domain of liquid crystals. Simultaneously first experimental efforts along these lines started immediately [43] , but they were not leading to ferromagnetic nematic phases, since suitably characterized and uniform magnetic nano-particles did not exist in 1970. Only about five years ago the group around Lisjak and Mertelj reported the successful synthesis and characterization of a homogeneous phase of a truly ferromagnetic nematic [44] . This is of particular interest, since this material represents the first liquid multi-ferroic system at room temperature. In addition to the director characterizing spontaneously broken rotational symmetry, a truly ferromagnetic phase breaks time-reversal symmetry and rotational symmetry in spin space. Several synthetic and static investigations also involving the phase transition to the isotropic phase followed quickly [45] [46] [47] [48] . Biaxial ferromagnetic nematics have also been reported quite recently [49] . An earlier Landau investigation of the phase transitions involved [50] could be used to interpret some of the experimental results [44] . Building on the macroscopic dynamic work of Jarkova et al. [51, 52] , the approach of macroscopic dynamics for truly ferromagnetic nematics has been used successfully recently to describe quantitatively dynamic experimental results [53, 54] and to make further experimentally testable predictions [55] . For a recent review on truly ferromagnetic nematics we refer to Ref. [56] .
More recently ferromagnetic cholesterics, for which one has as a liquid-crystalline solvent a nematic containing chiral molecules, have been synthesized and characterized [57] [58] [59] . While ferromagnetic cholesterics turn out to have many different textures and defects depending on the ratio of cholesteric pitch and sample thickness, also simple textures could be obtained recently [59] . The latter observation will open the door to apply a recent macroscopic description of ferrocholesterics [60] to this rather complex system.
Our goal in the present paper is to analyze how to detect the possible presence of tetrahedral/octupolar order in ferromagnetic nematics, a system composed of nonchiral molecules. We focus our investigations on macroscopic properties in the static as well as in the dynamic domain.
The paper is organized as follows. In Sec. II we give a Landau analysis and determine the macroscopic variables. In Sec. III we present the thermodynamics and the static properties of ferromagnetic nematics followed in Sec. IV by the derivation of the macroscopic dynamic equations. In Sec. V we make suggestions how to detect the presence of tetrahedral order statically and dynamically followed by brief conclusions and a perspective.
II. LANDAU ENERGIES AND MACROSCOPIC VARIABLES
In this section we discuss the properties of a phase, for which one allows for the additional presence of a tetrahedral order parameter in a ferromagnetic nematic phase. We use a Landau energy approach to discuss the possible ground states. We then identify all macroscopic variables for a selected ground state.
A. Landau energy considerations
As variables in a Landau expansion we take into account, in addition to the magnetization, M i , and the quadrupolar order parameter, Q ij , the tetrahedral order parameter, T ijk , a fully symmetric third rank tensor [1] 
where the vectors n ζ (ζ = 1, 2, 3, 4) span a tetrahedron and the order parameter T 0 describes the strength of the tetrahedral order. We assume the strength of the tetrahedral order, T 0 , as constant, which is a good approximation far away from a phase transition, where the tetrahedral order vanishes.
Tetrahedral order fully breaks rotational symmetry of isotropic space. However, in the absence of any orienting external field or boundary the actual orientation of the tetrahedron is arbitrary: Any homogeneous rotation of the tetrahedron leads to a distinct, but energetically identical equilibrium state. These are the three Goldstone modes that appear as (symmetry) variables in the hydrodynamic description. In that respect, tetrahedral order is analogous to the case of biaxial nematic liquid crystals [61, 62] .
The nematic (quadrupolar) order parameter is described by a symmetric traceless second rank tensor Q ij = 1 2 S(3n i n j − δ ij ) [63] . The quantity S is a scalar order parameter, which describes the strength of the orientational ordering. It is zero in the isotropic phase, where the molecules are randomly oriented, while it is equal to 1 if on average all the molecules point in the same direction. The unit vector n is the director field and describes the orientation of the nematic ordering. Without loss of generality one can assume n i n i = 1. It should be emphasized that due to the equivalence n → −n all of the equations should be invariant with respect to this transformation.
The Landau energy has, in addition to the terms already present in a magnetic tetrahedral phase [64] , also the Landau energy expressions for a pure nematic phase and the various coupling terms between the magnetization, the quadrupolar and the tetrahedral order parameter. These coupling terms read
with F QM being the same as for the ferromagnetic nematic phase, (see Ref. [50] ):
The second term in Eq. (2) was investigated in Ref. [14] :
There it was found that if d 1 + d 2 > 0 the phase is of D 2d symmetry where the director points along one of the improper4 axes, whereas if d 1 + d 2 < 0 the phase is of C 3v symmetry and the director points along one of the tetrahedral vectors. The cross coupling terms between the magnetization, the quadrupolar and the tetrahedral order parameter, F QT M , are of quintic order:
One can see the similarities of Eqs. (5) and (4) . This is due to the fact the free energy should be even in the magnetization to ensure invariance with respect to time-reversal symmetry.
As a first step we assume the director is fixed with respect to the tetrahedral structure and points along the z axis, n =ê z . To find the orientation of M in the ground state, we vary the azimuthal and the polar angle, defined by M = M 0 (cos ϕ sin ψ, sin ϕ sin ψ, cos ψ). There are five different solutions of the angles, that correspond to a minimum of the free energy. The first solution is where the magnetization points along the director field M n.
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Next also the energy term coupling the magnetization and the tetrahedral order parameter enters the picture
Two of the other solutions correspond to the magnetization lying in the plane perpendicular to the director. One of these solutions is stable if a > 0 and the magnetization points along one of the other two improper4 axes. The other solution is stable if a < 0 and the magnetization lies within one of the mirror planes. For the last two solutions the angle ψ depends on the value of coefficients in the expression for the free energy, Eq. (2).
In the following we focus on the solution where the director and the magnetization are parallel in the ground state as depicted in Fig.1 . 
B. Macroscopic variables
To derive the macroscopic equations of a particular macroscopic system one must first identify the relevant macroscopic variables based on a specific ground state as input. In addition to the conserved variables characteristic of an isotropic fluid -the mass density ρ, the energy density ε and the density of linear momentum g -one must address the issue of variables associated with spontaneously broken continuous symmetries and of macroscopic variables, which relax on a long, but finite time scale [65] [66] [67] .
Inspired by the experimental results available on ferromagnetic nematic liquid-crystalline phases [44-48, 53, 54, 56] , we will assume that in the ground state the director n and the magnetization M are parallel. In addition, we assume that a > 0 and that the magnetization points along one of the improper4 axes of the tetrahedron. Thus the situation considered in the following is that of a nematic phase with D 2d symmetry [14] with an additional spontaneous magnetization parallel to the nematic director in the ground state.
Rotations of the tetrahedral structure can be described by a projection, δΓ i , with [14] 
where δT qkl is the deviation of the tetrahedral order parameter from the equilibrium one, δT qkl = T qkl − T eq qkl . We use the normalization [14, 32] T ikl T jkl =αδ ij , withα = (32/27)T 2 0 . This relation can be inverted [14, 32] to yield
In this paper we focus on the importance and influence of tetrahedral order on a ferromagnetic nematic phase. The hydrodynamic orientational degrees of freedom associated with the director are characterized by the variations of the director field, δn i , with n i δn i = 0. The magnetic order is due to the existence of a spontaneous magnetization, M. It describes the strength of magnetic order by the order parameter M ≡ |M|, and its orientation by the unit vector m = M/M . The former is neither connected to a Goldstone mode, nor to a conservation law, and therefore does not give rise to a genuine hydrodynamic variable. Nevertheless, its relaxation time can be large enough to be relevant in the hydrodynamic regime, and we will keep δM ≡ M − M 0 , with M 0 the equilibrium magnetization, as a macroscopic variable.
Since we will assume a rigid coupling between the director, the tetrahedral order and the magnetization in the ground state we have as hydrodynamic variables the director variations, δn i and the quantity δΩ ≡ n i δΓ i , with δΓ i given by Eq. (7), which describes a rotation of the tetrahedral structure about the equilibrium director and thus also about the magnetization in equilibrium. In addition we have as macroscopic variables δm i and δM .
III. THERMODYNAMICS AND STATIC PROPERTIES
To describe the statics of the tetrahedral ferromagnetic nematic phase we proceed along the same lines as for ferronematics [51, 52] and ferromagnetic nematics [53] [54] [55] . We use the conservation laws for density ρ, energy density ε, density of linear momentum g and particle concentration c. For the magnetic degrees of freedom we have the variation of the modulus δM and the variations of the magnetic unit vector m, δm i . In addition we have the director degrees of freedom, δn i . As discussed above there is now the additional variable δΩ describing rotations of the tetrahedral structure about the equilibrium director. To satisfy Maxwell's equations the magnetic induction B must be considered as well.
Throughout this paper we assume local thermodynamic equilibrium. Changes of the macroscopic variables listed above are then related to changes of the total energy density via the Gibbs relation,
which is the local formulation of the first law of thermodynamics. In Eq. (9) h m i , h Ω and h n i are the thermodynamic conjugate forces to m i , Ω and n i and are given explicitly in eqs. (37) , (42) and (39) .
In the static behavior only the combinations
enter the picture. In addition, in the absence of boundaries or orienting fields, h m i = h n i = h Ω = 0 to guarantee that changes in the orientation do not change the energy.
The thermodynamic conjugates are prefactors of the differentials in Eq. (9), it i.e. temperature T , chemical potential µ, velocity v i , osmotic pressure (divided by the pressure) µ c , socalled molecular fields of the magnetic order h M , of the magnetization rotations h m i , of rotations about the director h Ω , and of director rotations h n i . They (or their gradients) act as thermodynamic forces in the dynamics (depending whether they are zero or finite in equilibrium).
Rotational invariance leads for eq. (9) to the additional requirement
where the last term is due to the fact that Ω is not a scalar quantity and is not invariant under rotations. For details cf. [14, 64] .
The material tensors will be constructed using the invariants n i , δ ⊥n ij = δ ij − n i n j , ijk and T ijk . The magnetization M i does not define an extra, independent preferred direction, and will occur only, when its specific time-reversal behavior is crucial. Since all material parameters can be arbitrary functions of M 2 , only linear contributions of M i will explicitly show up in the material tensors. This is in the same spirit as for the case without tetrahedral order [51] [52] [53] [54] .
The thermodynamic conjugates are defined as partial derivatives of the total energy density with respect to the appropriate variable. Thus they follow from a total energy functional that can be written as
where f 0 is the total energy of an isotropic liquid mixture, f el contains the gradient terms associated with the director, the orientation of the magnetization and with Ω, f M is the spatially homogeneous magnetic energy including external magnetic fields and f M grad contains gradients of M while f lin is linear in gradients. When constructing the explicit forms of the various energy contributions one can make use of the totally antisymmetric symbol, ijk , the tetrahedral structure T ijk and the director n i . One has to note that T ijk is odd under spatial inversion and n i is even under time-reversal, while m i is odd under timereversal. In particular we find [67] 
containing the standard thermodynamic susceptibilities, such as specific heat C V , compressibility κ s , thermal expansion α s etc.
In general, inhomogeneous rotations of n i , m i and Ω must increase the total energy
with the rotational stiffness (or rotational elastic) tensors
where λ ∈ {σ, ρ, c}. The structure of f el bears some similarity with the gradient energy in the D 2d phase [68] and contains four coefficients each related to bending distortions of the orientation of the magnetization and the director. In addition there are two coefficients related to inhomogeneous rotations about the director and one mixed one. We emphasize that there is only one gradient term coupling the gradients of the director with those of m i . In addition, there are cross-couplings of the inhomogeneous rotations of Ω with gradients of the scalar conserved variables. Also note that the contribution ∼ C ⊥ [69], which couples gradient of n i and of Ω is associated with ∇ × n.
The magnetic part of the free energy homogeneous in the magnetization in Eq. (12) reads
This expression is derived taking into account the static magnetic Maxwell equations. α and β are expansion coefficients in a Landau expansion for M and where the contribution ∼ A 1 describes the coupling between m i and n i . The derivation parallels very closely that given in Ref. [52] and quite recently in Ref. [64] . f M is the Legendre transformed magnetic energy containing the magnetic field H. The ferromagnetic coupling in f M leads to the parallel equilibrium orientation of the magnetization along an external magnetic field. As a result a homogeneous external field is compatible with a homogeneous combined magnetization/tetrahedral structure in the phase considered here: ferromagnetic nematic with additional tetrahedral order. However, the degeneracy of the (combined) orientation of the magnetization and the tetrahedral structure is partially lifted and only the orientation of the structure perpendicular to the field (and m) is still arbitrary.
For the magnetic gradient energy we find
where λ ∈ {σ, ρ, c}. There are two stiffness coefficients
between distortions of M and inhomogeneous rotations of, and about the director, are described by one coefficient each (K M n and C respectively), while there are in total six coefficients (Π λM ⊥, ) connected to the coupling of gradients of M with gradients of the scalar conserved variables. Finally we note that we have kept in Eq. (25) one term linear in the magnetization
The last energy contribution we are discussing here is the linear gradient energy
This expression is identical to the linear gradient term in the D 2d phase [14] for the director n i . In addition it also contains the analogous linear gradient term, when one uses m i instead of the director n i . These two linear gradient terms are allowed due to the presence of tetrahedral order, which breaks parity.
The present system appears to be the first one for which two of these linear gradient terms exist: one associated with the nematic director and one associated with the direction of the magnetization. As a consequence, the ground state might not be homogeneous, resembling the case of added chirality to nematic liquid crystals. In fact these terms are well-known by now to give rise to ambidextrous helicity [14, 15, 31, 32] . In case one can obtain sufficiently large domains of either hand in a ferromagnetic nematic liquid crystal composed of nonchiral constituents, this would form a rather obvious evidence of the presence of tetrahedral order. Naturally an observation in the visible range would be most attractive. For completeness we list the expressions for the thermodynamic conjugates that follow from the energy contributions introduced above
Since the δ's in Eqs. (33) - (35) describe deviations from the constant equilibrium values of the appropriate variable, all expressions on the left hand side of Eqs. (32) - (42) are zero in equilibrium and can act as thermodynamic forces that drive the dynamics of the system. On the other hand, the right hand sides of all these equations have to be zero in equilibrium (Euler conditions). Note that the energy f lin does not enter any Euler condition (except for ∇ l T ijk = 0), since it is linear in gradients of m i .
IV. DYNAMICS OF FERROMAGNETIC NEMATICS WITH TETRAHEDRAL ORDER
A. Dynamic equations
The hydrodynamic variables can be put into two different classes. There are conserved variables, like the mass density, energy density and momentum density g, which are governed by conservation laws. The second class of variables corresponds to the variables associated with spontaneously broken continuous symmetries. Their dynamics is governed by balance laws. In our case we have from this class the director variations, δn i , and the rotation around the director, δΩ. There are some macroscopic variables, that relax on a finite but very long time scale and it is therefore sensible to include them into the macroscopic description, Ref. [67] . In our case we will consider the magnitude of the magnetization, M , as well as the orientational variations of the magnetization, M i : δm i . The dynamic equations read (including the dynamic equations already given in Ref. [52] ):
with the vorticity ω i = (1/2) ijk ∇ j v k and the pressure p.
The vorticity contributions are due to the fact that m i and n i transform under spatial rotations as a vector, and Ω as a special component of a vector [32] . These terms ensure that only those rotations enter hydrodynamics that go beyond the global rotation (e.g., of the coordinate system).
In Eq. (45) we have explicitly written down the nonphenomenological part of the stress tensor, σ th ij , which is given by
Using the condition of a rotational invariant free energy, Eq. (11), it can be brought into the form, [67] 2σ
that guarantees angular momentum conservation [65] .
The source term in the dynamic evolution equation for the entropy density, Eq. (46), is proportional to the dissipation function R representing (half of) the rate at which the heat is transferred to the microscopic degrees of freedom. The second law of thermodynamics requires R > 0 for dissipative processes, while R = 0 holds for the reversible parts of the currents, in which case Eq. (46) is a conservation law. Splitting the phenomenological currents (j
) into the dissipative part (superscript D) and the reversible one (superscript R) the Gibbs relation Eq. (9) then leads to the condition
for dissipative processes, where only the symmetrized velocity gradient 2A ij ≡ ∇ i v j + ∇ j v i enters, in order to prevent solid body rotations to produce entropy. For reversible currents, the condition
applies. Possible pure divergence contributions (surface terms) are put into j f i , but are not needed in the following. The various transport contributions in the time derivatives of Eqs. (43)- (50) are all reversible. Their zero entropy production is ensured by the non-phenomenological parts of the stress tensor σ th ij and by the pressure p. A current is reversible, if it transforms under time-reversal in the same way as the time derivative of the appropriate variable, while the dissipative part of a current has the opposite time-reversal behavior. In the following we will discuss the dissipative and reversible dynamics separately.
To derive the dissipative parts of the phenomenological currents one first writes the dissipation function as a positive quadratic form in the thermodynamic forces taking into account that R has to be a time-reversal symmetric, scalar quantity. By taking the variational derivative of this function with respect to the chosen thermodynamic force one gets the corresponding dissipative current.
B. Dissipation function and dissipative currents
The dissipation function reads
and the dissipative parts of the currents are
where the tensors κ ij , D ij , D 
while the others read
C. Reversible currents
The reversible parts of the currents do not follow from any potential, but can be derived by requiring that the entropy production R in Eq. (54) is zero
1 ) ij are all of the form
and the other tensors read
It is straightforward to check that there is no linearly independent reversible coupling of n i and m i containing T ijk quadratically in addition to the contribution ∼ χ R . We note that ξ T n ij and ξ cn ij are odd under parity, time-reversal and n → −n symmetry. This type of coupling has not been given before and its possible experimental consequences will be discussed in the next section.
The reversible analog of the viscosity tensor has five components
This fourth order tensor is antisymmetric in the exchange of the first pair of indices with the second one, thus guaranteeing zero entropy production.
Due to the presence of a tetrahedral order parameter one has dissipative dynamic cross-couplings of the temperature and the concentration gradients with the magnetization or the director field. This is in principle also possible in the ferromagnetic cholesteric phase.
If one applies a temperature or a concentration gradient to the sample of a tetrahedral ferromagnetic nematic phase, one can induce flow via both the dissipative and reversible currents.
V. SUGGESTIONS FOR EXPERIMENTS
In this section we discuss various experimental set-ups that can reveal selected static and dynamic cross-coupling effects due to the presence of tetrahedral order in ferromagnetic nematics.
A. Ambidextrous helical domains
In Sec. III we already briefly discussed the linear gradient energy
We note that these two terms can only arise for a system with broken parity. In addition, ξ M and ξ n can have either sign, since they are linear gradient terms. To study their consequences we perform an analysis, which closely resembles that for D 2d nematics given in Ref. [14] . That is we look for a helical state, which has lower energy than the homogeneous state. As a result of this analysis we obtain an energy reduction due to the two linear gradient terms, which takes the form
which yields for the helical wave vector
We point out that the cross-coupling term ∼ K mn between gradients of the director and the magnetization does not enter the picture, since the components of the director and the magnetization along the helical axis are zero. From Eqs.(91) and (92) two important conclusions follow immediately. First of all the system can gain energy by generating a helical state. Surely the system will also generate defects, which cost energy. Provided the helical domains obtained are large enough this result leads to a straightforward way to detect the presence of octupolar order in a ferromagnetic nematic: the optical observation of domains of opposite handedness. The other conclusion is closely tied to the fact that we have two linear gradient terms. The sign and magnitudes of ξ n and ξ M are material properties that are fixed. In the case in which the signs of ξ n and ξ M are opposite, but their magnitude is comparable, the expectation is to have a small value of the net wave vector or a large wavelength for the ambidextrous helical domains.
B. Temperature gradients can drive reversible director rotations
As a reversible cross-coupling term characteristic of ferromagnetic nematics with octupolar order we consider coupling terms involving temperature, concentration and the director field. For heat and concentration currents we get a coupling to the molecular field of the director (compare IV C):
or, explicitly for σ and for m i ẑ and n i ẑ:
042703.9 Here we present an example of a dissipative effect, which requires a magnetization as well as tetrahedral order. From Sec. IV B we have for the parts of the heat and concentration current coupling to magnetization rotations In this paper we have analyzed how the macroscopic properties of ferromagnetic nematic liquid crystals are influenced by the presence of parity breaking octupolar order. It turns out that many additional cross-coupling terms arise in statics and dynamics, since now one has a ground state that breaks both, time-reversal and inversion symmetry. Clearly the hallmark for the presence of octupolar order will be the detection of chiral domains of both hands in a ferromagnetic nematic compound composed of nonchiral molecules: ambidextrous helicity. Since there are two linear gradient terms in the system investigated here, one associated with the nematic director and one associated with ferromagnetic order, one can tune the helical pitch by changing the magnitude of the spontaneous magnetization, M 0 .
As a perspective it will be most interesting to investigate how tetrahedral order will influence ferromagnetic cholesteric liquid crystals, since in such a system parity symmetry breaking is achieved by two different mechanisms: a pseudoscalar quantity associated with the chirality of the molecules of at least one of the constituents as well as with octupolar order. Such a system represents also a challenge for its mathematical description in three spatial dimensions, when both parity breaking mechanisms are at work.
